Abstract. Let G be an (n, m)-graph (n vertices and m-regular) and H be an (m, d)-graph. Randomly number the edges around each vertex of G by {1, . . . , m} and fix it. Then the replacement product G H of graphs G and H (with respect to the numbering) has vertex set V(G H) = V(G) × V(H) and there is an edge between (v, k) and (w, l) if v = w and kl ∈ E(H) or vw ∈ E(G) and kth edge incident on vertex v in G is connected to the vertex w and this edge is the lth edge incident on w in G, where the numberings k and l refers to the random numberings of edges adjacent to any vertex of G. If the set of edges of a graph can be partitioned to a set of complete matchings, then the graph is called 1-factorizable and any such partition is called a 1-factorization. In this paper, 1-factorizability of the replacement product G H of graphs G and H is studied. As an application we show that fullerene C 60 and C 4 C 8 nanotorus are 1-factorizable.
Introduction
Graphs considered in this paper are finite, simple and undirected. Let G be a simple graph. The vertex set, edge set, maximum degree and minimum degree of G will be denoted by V
(G), E(G), ∆(G), δ(G) respectively. The order of G is |V(G)|, i.e. the number of vertices of G. A graph G is called regular if δ(G) = ∆(G) and the latter integer is called the degree of G and denoted by d(G). A d-regular graph G on n vertices is called an (n, d)-graph.
A graph is called cubic if it is 3-regular. We denote by K n and C n the complete graph of order n and the cycle of order n, respectively. We denote by N G (x) the neighborhoods of x ∈ V(G), that is, the set of vertices adjacent to x.
A spanning subgraph of a graph G is a subgraph H of G such that V(H) = V(G). An r-regular spanning subgraph of G is called an r-factor. A 1-factorization of G is a set of edge-disjoint 1-factors of G whose union is E(G). The graph G is said to be 1-factorizable if it has a 1-factorization. A necessary condition for a graph G to be 1-factorizable is that G is a regular graph of even order. The concept of 1-factorization can be expressed by the concept of edge coloring. An edge coloring of a graph G is a map θ : E(G) → C, where C is a set, called the color set, and θ(e) θ( f ) for any pair e and f of adjacent edges of G. If α is a color, the set θ −1 ({α}), i.e. the set of edges of G colored α, is called the α-color class. If |C| = m we say that θ is an m-edge coloring. The least integer m for which an m-edge coloring of G exists is called the edge chromatic index of G and denoted by χ ′ (G). It is easily seen that χ ′ (G) ≥ ∆(G) for any graph G. Vizing [9] proved that
If in a regular graph G, we have χ ′ (G) = ∆(G) then edges of each color class consists a 1-factor and G is 1-factorizable. We call a graph Hamiltonian if it contains a spanning cycle. Such a cycle is called a Hamiltonian cycle. Any Hamiltonian graph of even order has a 1-factor, for if C is a Hamiltonian cycle of G and we select alternate edges of C, we eventually end up with a 1-factor of G. A 2-factor all of whose components are even is called an even 2-factor. We shall also need the following well known sufficient condition for the existence of a Hamilton cycle in a graph due to Dirac [4] . 
1-Factorizations of replacement products
In this section we describe the replacement product and investigate 1-factorizability of replacement product.
Let G be any (n, k)-graph and let [k] = {1, . . . , k}. By a random numbering of G we mean a random numbering of the edges around each vertex of G by the numbers in {1, . . . , k}. More precisely, a random numbering of G is a set φ G consisting of bijection maps φ 
Definition 2.2. Let G be an (n, k)-graph and let H be a
(k, k ′ )-graph with V(H) = [k] = {1, . .
. , k} and fix a random numbering φ G of G. The replacement product G φ G H is the graph whose vertex set is V(G) × V(H) and there is an edge between vertices (v, k) and (w, l) whenever v = w and kl ∈ E(H) or vw
Note that the definition of G φ G H clearly depends on φ G . Thus for given any two regular graphs G and H as above, there are (|V(H)|!) |V(G)| replacement products which are not necessarily isomorphic. It follows from the definition that G φ G H is a regular graph and in fact it is a (nk, k ′ + 1)-graph (see [1, 7, 8] ). 
Lemma 2.4. Let G be an (n, k)-graph. Then G is 1-factorizable if and only if there exists a random numbering φ G such that for any edge xx
′ of G we have φ
Proof. ⇒: Let G have a 1-factorization. Then, since G is k-regular, there exists an edge coloring θ :
is a bijection and we have φ
} is the desired random numbering of G. ⇐: Suppose that G has a random numbering φ G with the mentioned property in the lemma. Let β be the
, then β is well-defined. Now we show that β is an edge coloring for G. To do this, suppose e, f be two adjacent edges of E(G). Then there exist x, y, y ′ ∈ V(G) with e = xy, f = xy ′ and y y ′ . Hence φ
is one-to-one. This implies that β(e) β( f ), as required.
If G is a 1-factorizable graph, a random numbering φ G is called a 1-factorizable numbering whenever for any edge xx
. Thus it follows from Lemma 2.4 that every 1-factorizable graph has a 1-factorizable numbering.
We now consider the case when the two components of the product graph are Cayley graphs G = C(A, S A ) and H = C(B, S B ). Furthermore, suppose that B acts on A in such a way that S A = α B for some α ∈ S A . So the edges around each vertex of G are naturally labeled by the elements of B. This enables us to define the replacement product of G and H.
The following result is well-known and we give a proof by using Lemma 2.4. Proof. (i) ⇔ (ii) Suppose that G is 1-factorizable. Then, since G is 3-regular, there exists an edge coloring θ : E(G) → [3] . For any two colors α, β, the subgraph generated by the union of α-and β-color classes is a spanning subgraph of G which is the union of some cycle subgraphs C 1 , . . . , C s of G with disjoint vertices and even length. If G has an even 2-factor then G contains a spanning subgraph ∪ s i=1 C i where C i are disjoint cycles of even length. Thus C i are 1-factorizable and by Lemma 2.4, there exists a random numbering φ C i such that for any edge ab of C i we have φ
for each x ∈ V(G) as follows:
It is easy to see that φ G is a random numbering of G satisfying the conditions of Lemma 2.4.
(i) ⇔ (iii) We know G is 1-factorizable if only if there exists a 1-factorizable numbering φ G such that for any xy ∈ E(G) we have φ
Assume G is 1-factorizable and φ G is a 1-factorizable numbering. If 
It is obvious that φ a) ). Now Lemma 2.4 completes the proof.
Example 2.8. Let C n be a cycle of length n. Then for any random numbering φ C n , we have
If n is odd then C n is not 1-factorizable but C n φ Cn K 2 C 2n is 1-factorizable. If n is even then C n−1 is not 1-factorizable. Therefore for any random numbering φ K n , the graph K n φ Kn C n−1 is cubic having an even 2-factor. Then by Lemma 2.5, K n φ Kn C n−1 is a 1-factorizable graph. Proof. The complete graph K m is 1-factorizable whenever m is even. Then by Theorem 2.7, G φ G K m is 1-factorizable for any random numbering φ G of G. If m is odd and G is 1-factorizable then by Lemma 2.4, there exists a random numbering φ G such that for x ∈ V(G) and y ∈ N G (x), we have φ
as follows: where i + j is the remainder when i + j is divided by m. It is easy to see that φ , i) ). This completes the proof.
For the replacement product G C k , k ≥ 4, we derive the following result. 
(a i1 ) = 1 thus we define cycle T i as follows:
T i are cycles of length kn i and ∪ s i=1 T i is a spanning subgraph of the replacement product G φ G C k , where Let us end the paper with two applications of the above result. [3, 5, 6] . Suppose F is a fullerene C 60 and A is the icosahedron ((12, 5)-graph). By Figure 3(A), C = (a 1 a 3 a 2 a 6 a 5 a 10 a 11 a 7 a 12 a 8 a 9 a 4 ) is a Hamiltonian cycle of A and A is hamiltonian. If φ A for any edges a i a j are defined in Table I , then A φ A C 5 = F is Hamiltonian, see Figure 3 Table 1 : Table I 
